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Summary. Continuing previous wotk, we discuss the problem of approx-
imating a function f on the interval [0,1] by a spline function of degree
m, with n (variable) knots, matching as many of the initial moments of f as
possible. Additional constraints on the derivatives of the approximation at
one endpoint of [0, 1] may also be imposed. We show that, if the approxi-
mations exist, they can be represented in terms of generalized Gauss-
Lobatto and Gauss-Radau quadrature rules relative to appropriate moment
functionals or measures (depending on f). Pointwise convergence as n— oo,
for fixed m>0, is shown for functions f that are completely monotonic on
[0, 17, among others. Numerical examples conclude the paper.

Subject Classifications: AMS: Primary 41 A15, 65D32; Secondary 33A65;
CR: G1.2,G14.

1. Introduction

In previous papers [4, 6] two of us dealt with the problem of approximating a
given function f on [0, o] by a spline function of fixed degree (with variable
knots) in such a way as to reproduce as many moments of f as possible.
Having had in mind applications to physics, our functions f=f(r) were consid-
ered functions of the radial distance r= ||x|| of a vector xeR", and accordingly
the moments were “spherical moments”. We now wish to consider the anal-
ogous problem on an arbitrary finite interval. In this case, the interpretation of
the independent variable as a radial distance is no longer meaningful, and our
functions f=f(z), therefore, are now simply functions of a real variable ¢ on
some given interval [a, b]. The case of a semi-infinite interval having been
treated in our previous work, we restrict attention here to the case of a finite
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interval, which can be standardized to [a, b]=[0, 1]. The case of the whole real
line, [a,b]=1R, is also of interest, as is the case of periodic splines. Both,
however, appear to be less amenable to the type of analysis we are going to
give, and will not be considered here.

2. Spline Approximation on [0, 1]

A spline function of degree m=0, with n (distinct) knots 7,,7,,...,7, in the

ves by

interior of [0, 1], can be written in terms of truncated powers in the form

Sm) =P+ Y a,(t, =0}, 0st<1, 2.1
v=1

where a, are real numbers and p,, is a polynomial of degree <m. (Our choice of
truncated powers distinguishes the right endpoint of [0, 1] in the sense that
S, m{)=pn(t), t21.) We consider two related problems:

Problem I. Determine s, , in (2.1) such that

1

1
[t's, WOdt= [t f(t)dt, j=0,1,....,2n+m. (22)
0

0
Problem I*. Determine s, ,, in (2.1) such that
s (D=F®1), k=0,1,....m, (2.3)

and such that (2.2) holds for j=0, 1, ...,2n—1. Here we must assume that f has
m derivatives at t =1, all being known.

Both problems will be solved in two ways: first in terms of moment
functionals, then in terms of Gauss-Christoffel quadrature. The former ap-
proach requires only the existence and knowledge of the moments of f in-
volved; the latter requires additional regularity of f, but lends itself better to
stable implementations.

2.1. Solution of Problems I and I* by Moment Functionals

We first consider Problem 1. Let

+ji+DrL
yj=(—r{l—]'—.+~—')jt’f(t)dt, j=0,1,...,2n+m, (24)
m:j. 0

where the moments of f on the right are assumed to exist. (They do, of course,
if f is integrable on [0, 1].) We define a linear functional & on the set of
polynomials of the form t™*! p(1), pelP, by

n+ms

Lt )y=p;,  j=0,1,....2n+m. 2.5



Moment-Preserving Spline Approximation on Finite Intervals 505

Then the inner product
(p.q)=2L(@"*'(1=t)"*'p-q) (2.6)

is well defined for any polynomials p, g for which p-qeIP,,_,. In particular, we
can define (if it exists) the monic polynomial =,(-)==,(-; %) of degree n
orthogonal with respect to the inner product (2.6) to all polynomials of lower
degree,

degn,=n, =, (t)=t"+...,

2.7
(z,,q)=0, all gelP,_,.
Theorem 2.1. There exists a unique spline function on [0, 1],
O=p(O+ Z (t,—t%, 0<t,<l, t,#71, for vy, (2.8)

satisfying the 2n+m+1 moment equations (2.2) of Problem I if and only if the
orthogonal polynomial n,(*)=m,(+; L) in (2.7) exists uniquely and has n distinct
real zeros 1™, v=1,2, ..., n, all contained in the open interval (0, 1). The knots T,
in (2.8) are then preczsely these zeros,

,=1"  v=1,2,....nm, 2.9)

v v

while the coefficients a, and the quantities

b= o), k=01 2.10
k—-me( )’ — VY s“'sma ( . )

(which uniquely determine p, in (2.8)) are obtained uniquely from the linear
system

F(mtip=L(tmtp) all pelP, o (2.11)
where
Lo@)= Y b g" P()+ Y a,8(z), 1,=1% (2.12)
k=0 v=1

Proof. Substituting (2.1) in (2.2), and observing that 0 <7, <1, gives

jﬂpm t)dt + Z jt’ T —t)’"dt—jtff(t)dt

v=1 (2.13)
j=0,1,...,2n+m.

Changing variables, t=1t,, in the v-th integral of the summation, one obtains

Ty 1
[ti@,—mde=2pH* (1 -ty dr
0 .'m:) (2.14)
_jm!
(m+j+1)!

m+j+1
TV
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Using m integrations by parts in the first integral of (2.13) yields

jlmt m [d"""
(m+j+1)!k§0bk dmF

1
[t pa(tydt= t"'“”] , (2.15)
(1]

t=1

where b, is defined in (2.10). Inserting (2.14) and (2.15) in (2.13) and dividing
through by j! m!/(m+j+1)! gives

Lot -=y;, j=0,1,...,2n+m,

where y; is defined by (2.4) and %, by (2.12). Therefore, using (2.5) and the
linearity of %, and %,

Lot ip) =2 p), all pelP,,, . (2.16)
Thus, the moment equations (2.2) and Egs. (2.16) are equivalent.
Let now x, denote the “knot polynomial”
T ()= [](—1,) (2.17)
v=1

having the knots 7, of the spline (2.8) as zeros. Then, by the definition of the
inner product (2.6) we have, for any gelP,_,,

(M, @)=L (1 =" 7, @)=Ly 1 -0, - g), (2.18)

by (2.16), since (1—¢)"*'n,-qelP,,, . Therefore, (n,,q)=0 by the definition
(2.12) of &, and the fact that n,(7,)=0, v=1,2,...,n. It follows that the knots
7, must be the zeros of the orthogonal polynomial =,(+; &) of (2.7). This proves
the necessity of the condition asserted in Theorem 2.1. Furthermore, the system
(2.11) is a trivial consequence of (2.16); with t,=7" determined, (2.11) is
essentially a confluent Vandermonde system, hence nonsingular.

To prove the sufficiency of the condition, together with (2.11), we must
show that they imply (2.16). Thus, let pelP,,,,, be an arbitrary polynomial of
degree <2n+m. Let g and r be the quotient and remainder of p upon division
by (1 —ty"*!x,(t), where n,(*)=mn,(*; &),

pO=1—-t"* ' m, () q) +r@®), gelP,_,, rel

n+m:*

(2.19)
Then,
g(tm+1p)=$(tm+l(l _t)m+1 n,,-q)-l— g(tm+1r)

=2@"'r)  [by 2.7)]

=Z(t™*tr)  [by (2.11)]

=Ly (" p) - Lot (1 =" m,-q)  [by (2.19)]
=%,(t"*p) [since r,(z,)=0].

This proves (2.16). [

The solution of Problem I* can be effected similarly, if one observes, in
view of 0<17,<1, that
sf,’f’m(l)=pf:,‘)(l), k=0,1,...,m. (2.20)
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By (2.3), therefore, p®(1)=f%(1), k=0, 1,...,m, so that the moment equations
in question can now be written as

n

Ty 1 ) m (k)l
vi‘:lav(j)tf(rv—t)'"dt=£tf [f(t)—kgo k!( )(t—l)"] dt, .
j=0,1,...,2n—1. (221)
In analogy to (2.4) we define
(m+j+D! ¢ & SR "
Fm — Y ————(t—1)*} dt,
T [f(t) LT ¢ )] ‘ o)

j=0,1,...,2n—1,

which gives rise to the linear functional #* on polynomials of the form
™+1p(t), pelP,,_,, defined by

L Y)y=p¥, j=0,1,...,2n—1, (2.23)
and the inner product

P, q)*=2L*("""'p-q), p-qelPy,_,. (2249
The orthogonal polynomial n¥(*)=r,(*; £*) is now defined by

degnf=n, n¥@)=t"+...,

(2.25)
(n¥, g)*=0, all gelP,_,.

Then the result for Problem I*, analogous to Theorem 2.1, is given by the
following

Theorem 2.2. There exists a unique spline function on [0, 1],
SERO=pEO)+ D a¥@r—07, O<t¥<l, thEt}k for vy, (2.26)
v=1

satisfying (2.3) and the 2n moment equations of Problem I* if and only if the
orthogonal polynomial w}(-)=m,(*; £*) in (2.25) exists uniquely and has n dis-
tinct real zeros T*, v=1,2,...,n, all contained in the open interval (0,1). The
knots t¥ in (2.26) are then precisely these zeros,

=% y=1,2,...,n, (2.27)
the polynomial p¥. is given by
m (k) 1
pr= ). A )(t—l)k, (2.28)
o k!

and the coefficients a¥ are obtained uniquely from the linear system

LrEmtip)=L*" ' 'p), all pelP,_,, 2.29)
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where .
=Y a¥g(t}), tF=t"* (2.30)
v=1

The proof is entirely analogous to the proof of Theorem 2.1 and is omitted.
The functions s, ,, and s}, of Theorems 2.1 and 2.2 may be thought of as
solutions of finite moment problems in terms of spline functions.

2.2. Solution of Problems I and I* by Gauss-Christoffel Quadrature

While the solution of Problems I, I* given in the previous subsection has some
intrinsic mathematical interest, it is suspect, computationally, because of its
reliance on the “moments” (24) and (2.22), which are likely to create ill-
conditioning. For constructive purposes, it is better to reduce these problems
to Gauss-Christoffel quadrature with respect to an absolutely continuous mea-
sure, as was similarly done in [4, 6]. This requires more regularity of f; we
shall assume, in fact, that feC™*'[0,1]. (This hypothesis could be slightly
weakened.) We also assume that f®(1), k=0,1,...,m, are known, and that
f¢IP, (otherwise, trivially, s, ,,=f).

Again, we first consider Problem I. Applying (2.14), (2.15) and m+1 in-
tegrations by parts to the last integral in the moment equations (2.13) now
results in

i I:me_k’;l’"H—l-H] + Z ava+1+J
k=0 dt t=1 v=1
=§: [ " t'”+1+’] +——(_1)MHff""“’(r)t'"“ﬂdt (2.31)
K= dem=k 1 m!
j=0,1,...,2n+m,
where
—1Yeptqg — D
p= P CUSTD o m (2.32)
m! m!
Defining the measure
-1 m+ 1
d/lm(t)=(-;1)'——f('"+“(t)dt on [0,1], (2.33)

we can rewrite (2.31), similarly as in (2.16), in the form
Lot"t p =L (" p), all pe,,,, (2.34)
where %, is defined in (2.12), but & is now defined by

m 1
£ (g)=k20¢k gmP() + [ g(t) dA,(0). (2.35)
= ]

The resolution of (2.34) is now verbatim the same as in the proof of
Theorem 2.1, the inner product again being defined as in (2.6), but now with %
given in (2.35). This yields
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Theorem 2.3. Assume that fe C"*'[0,1]. There exists a unique spline function
(2.8) on [0, 1] satisfving the 2n+m+1 moment equations (2.2) of Problem1 if
and only if the orthogonal polynomial n,(*)=n,(*; %) in (2.7) relative to the
inner product (2.6), (2.35) exists uniquely and has n distinct real zeros ™,
v=1,2,...,n, all contained in the open interval (0,1). The knots t, in (2.8) are then
precisely these zeros,

=t v=1,2..,n, (2.36)

while the coefficients a,, and the quantities b, in (2.32) (which uniquely determine
P it (2.8)), are obtained uniquely from the linear system

Lot t i p)=L ("t p), all pelP, 2.37)

+m>
where ¥, & are defined, respectively, by (2.12) and (2.35).

The result of Theorem 2.3 has been announced without proof in [5, §3.3].
It can also be interpreted in terms of the generalized Gauss-Lobatto quadra-
ture formula (relative to the measure d4,, in (2.33)),

1 m

[g@WdA, 0= Y [4,8°0)+B,g"(1)]

° 0 (2.38)
+ Y AP g(e™ +R, ,,(g; dA,),

v=1
where

Rn,m(g;d}‘m)zos all gE]P2n+2m+1' (239)

This quadrature formula, in turn, is known to be related to the Gauss-
Christoffel quadrature formula

1 n
[g(do,(t)= 3 o¥g(x{")+R,(g;do,), R,(P,,_,;do,)=0, (2.40)
0 v=1

with respect to the measure
do, (t)=t"*'(1—ty"*1di, (1) on [0,1]. (2.41)

Indeed, the nodes 7 in (2.38) and (2.40) are the same (equal to the zeros of
n,(+;da,)), while the weights A™ in (2.38) are expressible in terms of those in
(2.40) by

AP =[tW(1 —M)] -+ y=1,2, ..., 0. (2.42)

Furthermore, the coefficients A4,, B, in (2.38) can be obtained from the linear
system
R, ,.(p;d2,)=0, all pelp,, . (2.43)

Now we note that the inner product (2.6), in view of (2.35), can be written

in the form
1

1
(P @)= [ (1= p(6) q(0) dA,, (D)= (I)P(t)Q(t)dom(l). (2.6")

0
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Therefore, the knots 7, in (2.36) are precisely the nodes in (2.40), hence those in
(2.38). Putting g(t)=1"*"'p(t), pelP,,, ., in (2.38) and noting (2.39) yields

Z "dt" [t’"“p(t)]t + Z A(H)[T(")]m+1 (t (vn))

V=

=§ m+ip(t)d, (1), all pelP,
Y]

n+ms

which is identical to (2.34), if we identify
b,—¢,=B,_,, k=0,1,....m; a,=2" v=1,2,...,n

Since under the assumptions of Theorem 2.3 the solution of (2.34) is unique, we
have shown the following

Corollary 1 to Theorem 2.3. If the conditions of Theorem 2.3 are satisfied, then
the spline function (2.8) solving Problem I is given by

=1,  a,=i" v=1,2,..n, (2.44)

where t™ are the interior nodes of the generalized Gauss-Lobatto quadrature
formula (2.38) [or the nodes of the Gauss-Christoffel formula (2.40)] and 2™ the
corresponding weights in (2.38) [or (2.42)], while

) =fO1)+(=1)¥m! B, _,, k=0,1,....m, (2.45)

where B, _, is the coefficient of g™ %(1) in the Gauss-Lobatto formula (2.38).

We remark that the conditions of Theorem 2.3 are satisfied for each
m=0,1,2,... if f is completely monotonic on [0, 1] (cf. [8, p. 145ff.]), since d4,,,
and hence also do,, is then a positive measure. We have, moreover, the
following

Corollary 2 to Theorem 2.3. If f is completely monotonic on [0,1] and for some
mz=0,
- m!B, _,+(—1)f®1)>0, p=0,1,...,m, (2.46)

then so is s, ,, for each n=1; more precisely,

>0  if k=0,1,...,m

47
=0 if k>m, (247)

( l)k (k) (t){

for each t€[0, 1] for which s, (t) is defined.

Proof. The assumption (2.46) implies (—1)*p¥(1)>0, p=0,1,...,m, hence the
m ®

positivity on [0,1] of (— 1)kp<k>(t)=(—1)k[z (—1)“/1!‘1pf,f‘)(1)(1—t)“] for

p=0
k=0,1,...,m. Since a,>0, by (2.44), and (—1)*[(z,—0)7]1® =0, k=0,1,..
whenever the derivative exists, the assertion (2.47) follows. [

.,
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We note that (2.46) restricts only those By, By, ..., B,, that are negative. In
the case of the infinite interval [0, co], considered in [6], the property (2.47)
(with = in place of >) follows directly from (2.8), since p,,(¢)=0.

Turning now to Problem I*, we note that (2.20) again implies p¥(1)
=f®(1), hence b,=¢,, k=0, 1,...,m. The moment equations in question thus
simplify to

LEE p) =2+ p),  all pelP,,_, (2.48)

where Z¥ is given by (2.30) and £* by
1

L*(g)= | g(t)dA,(t). (2.49)
0

The analogue of Theorem 2.2, therefore, is as follows.

Theorem 2.4. Assume that fe C"*'[0,1]. There exists a unique spline function
{2.26) on [0, 1] satisfying (2.3) and the 2n moment equations of Problem I* if and
only if the orthogonal polynomial n*(+}=mn,(*; £*) in (2.25) relative to the inner
product (2.24), (2.49) exists uniquely and has n distinct real zeros t™*,
v=1,2,...,n, all contained in the open interval (0,1). The knots t¥ in (2.26) are
then precisely these zeros,

=% v=1,2,...,n, (2.50)

the polynomial p¥ is given by

Z f""( )

=0

pE(t)= (t—1), (2.51)

and the coefficients a¥ are obtained uniquely from the linear system
Lt p)=L*("'p), all peP,_,, (2.52)
where L¥, £* are defined, respectively, by (2.30) and (2.49).

Underlying Theorem 2.4 is now the generalized Gauss-Radau quadrature
formula,

fg(t (1) = Z AP0+ Y AP g (") + Ry (g5 dA,),

=1 (2.53)
n,m(g, di,)=0, all gelP,

n+m?

or the related Gauss-Christoffel formula
1 n
fgtydok(t)= ) oW*g(x\"*)+R}¥(g;day), R¥(IP,,_,;doy)=0  (2.54)
0 v=1

for the measure
do*(t)=t"*'dA () on [0,1]. (2.55)

Again, the nodes t™* in (2.53) and (2.54) are identical, whereas

AP* = [o*]—mED G y= 12, (2.56)
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One has, in fact,

Corollary 1 to Theorem 2.4. If the conditions of Theorem 2.4 are satisfied, then
the spline function (2.26) solving Problem I* is given by p} as in (2.51) and by

tH=WE gF= 0% y=1,2,...,n, (2.57)

where t™* are the interior nodes of the generalized Gauss-Radau formula (2.53)
[or the nodes of the Gauss-Christoffel formula (2.54)] and J\* the corresponding
weights in (2.53) [or (2.56)].

Corollary 2 to Theorem 2.4. If f is completely monotonic on [0, 1] then so is s},
for each n=1, m=0; more precisely,

0 if k=0,1,...,m,

0 i kom. (2.58)

(—1sz0() {:

for each te[0, 1] for which sX%) (1) is defined.

The proofs are analogous to the proofs of Corollaries 1 and 2 to Theorem
2.3 and are omitted.

To obtain the Gauss-Christoffel formulae in question, one must be able to
generate the orthogonal polynomials relative to the measures do,, and do} in
(2.41) and (2.55), respectively. For this, the methods discussed in [2] and [3]
(see also [1,§5]) are often helpful.

3. Error and Convergence of Approximation

Similarly as in [6], the error of the spline approximants s, , and s, con-
structed in Sect.2 can be expressed in terms of the quadrature error of the
generalized Gauss-Lobatto and Gauss-Radau formulae (2.38) and (2.53), re-
spectively, when applied to a special function. This is the content of the next

two theorems.

Theorem 3.1. Assume the conditions of Theorem 2.3 are satisfied. Then, for any x
with 0<x <1, the spline function s, , in (2.8), solving Problem I, approximates f
with an error given by

J) =8, m(X) =R, (5 dAy), 3.1

where R, ,.(-;dA,) is the remainder term in the generalized Gauss-Lobatto
quadrature formula (2.38) (relative to the measure d4A,, in (2.33)) and p, is given
by

p)=(t—x)z, 0st<l. (32)

Alternatively, we have
S(X) =5, w(x)=R,(0,; do,,), (3.3)

where R,(-;do,) is the remainder term in the Gauss-Christoffel quadrature for-
mula (2.40) (relative to the measure do,, in (2.41)) and o, is given by

0, ()=t " DL =07 VLo ()~ dams1 (s )], (34)
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dam+1(py; *) being the polynomial of degree<2m+1 interpolating to p, and its
first m derivatives p®, k=1,2,...,m, at t=0 and t=1.

Proof. By Taylor’s theorem,

m 1 1 x
f(><)=k§0 Hf”"(l) =Dy {(x — " f () de
(_ m+1 1

o +1
zkgokA!f(k'{l)(x—l)"%—Ti(t—x) Fet ey de

m

1 1

=Y Ff“"(l)(x—l)"+ [ p()dA, ).
k=0 K (4]

By (2.44),

n

S m(X) = Z 1 ”‘)(1)( — 1)+ il‘v”)(t‘v"’——x)’i.

v=1
Subtracting this from the preceding equation gives
JG) =5, m(x)= j;o,c(t)d/1 () + Z [f”" (D =p (D] (x =1
2": /1(") 1,'(") m’

which, by virtue of (2.45) and (3.2), yields

f(x)—sn,m(x)zjl' p.(OdA,0- 3 %!Bm_ku-x)k— A0 (x).
But 0 k=0 . v=1
pP0)=0, pP(1)= (m"_”k)! (=xy"%  k=0,1,...,m,
so that

1 m n
S =8, m(¥)= [ p(0d2, ()= ¥ B P70 = X A7 ()7)
0 k=0 v=1
:Rn,m(px; dim)’

as claimed in (3.1).

To prove (3.3), it suffices to observe that for any function h that has zeros
of multiplicity m+1 at t=0 and t=1 one obtains {rom (2.38), (2.40) and (2.42),
by putting g(f)=t=™*+D(1 —1)~™* D h(z) in (2.40), that

R, (t=™* V(1 —0)"™+Vh;de,)=R, ,(h;d4,). (3.5)

In particular, for h(t)=p,(t) =gy 1(ps; 1), since R, @z, ;d4,)=0, one gets
R, . (ps3d2,)=R, W(Pr—q2me1; dA,) =R, (0,;d0o,), with 6, given by (3.4). [

Theorem 3.2. Assume the conditions of Theorem 2.4 are satisfied. Then, for any x
with 0<x <, the spline function s}, in (2.26), solving Problem I*, approximates
S with an ervor given by
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S =y () =Ry (p,; d4,), (3.6)

where R (-;d/.,) is the remainder term in the generalized Gauss-Radau quadra-
ture formula (2.53) (relative to the measure dJ.,, in (2.33)) and p, is given by (3.2).
Alternatively, we have

J) =5y, (x)=R¥(c};doy), (3.7)

where R¥(-;dck) is the remainder term in the Gauss-Christoffel quadrature
Sormula (2.54) (relative to the measure do¥, in (2.55)) and 6} is given by

()=t Vp ()=t""P(—xy7, 0Zr<I. (3.8)

Proof. Equation (3.6) is proved similarly as Eq.(3.1) in Theorem 3.1. The
alternative formula (3.7) follows readily from R}, (p,;d4,)=Rf(g¥;ds}). O

If feC"*1[0, 1] is such that d4,, in (2.33) is a positive measure (for example,
if f is completely monotonic on [0, 17]), then the approximations s, ,, and s},
exist uniquely by Theorems 2.3 and 2.4, respectively. Moreover, for fixed m>0
and x, with 0 <x <1, we have

R,(0,;do,)»0 as n—xc

since o, is continuous on [0, 1] and dg,, is also a positive measure. Therefore,
by (3.3), we have pointwise convergence s, ,,—f as n—co. The analogous fact
for sk, follows likewise from (3.7) and the continuity of ¢¥ on [0, 1]. Thus, we
have

Theorem 3.3. If feC"*'[0,1] and d2,, in (2.33) is a positive measure, then the
approximations s, . and s¥* _ constructed in Sect.2 converge pointwise to f in

n,m n,m

(0,1), as n—aoo for fixed m>0.

We finally note that the formulas (3.1) and (3.3), resp. (3.6) and (3.7), by
differentiating them repeatedly with respect to x, yield representations for the
errors f* —s® “and f® —s*% in the derivatives, respectively.

4. Examples

We illustrate the spline approximations of Theorems 2.3 and 2.4 (or their
corollaries) in the case of exponential and trigonometric functions. All com-
putations reported on were carried out on the CDC 6500 computer in single
precision (machine precision ~3.55x 10713),

Example 4.1. f(t)=e" ", 0Lt <1, ¢>0.

This is an example of a completely monotonic function, for which the
associated measure (2.33) is thus positive; indeed,

Cm+1

dl,(t)= e 'dt on[0,1]. 4.1)

m!
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Problems I, I* therefore have unique solutions by Theorems 2.3 and 2.4. In
terms of the generalized Gauss-Lobatto formula

n

1 m
fgye=<'dt= Y [A,g%(0)+B, g"(1)]+ Z 'g(t")+R, .(g; e " dr) 4.2)
4] k=0

and the generalized Gauss-Radau formula

m

1 n
fg@We dt= 3 A¥g®(O)+ Y A *g(c*) + R}, (g; e d1), (4.3)
0

k=0 v=1
we have from Corollary 1 to Theorem 2.3,

(,m+1 _
1,=1", a,= o AW y=1,2,...,n,

(4.4)

m+1 m

— m' k—m—1 —c D k
Pal) =" T G [T e 4B T (1)

for the spline s, ,, in (2.8), solving Problem I, and from Corollary 1 to Theorem
24,

Cm+1 _
tR=gW* g - A y=1,2,...,n,
m+1 m my (45)
% — k—m—1 -c

for the spline s}, in (2.26), solving Problem I*.

The Gaussian nodes and weights in (4.2) and (4.3) were obtained in the
usual way (see, e.g., [2, p.290]) in terms of the eigensystems of the Jacobi
matrices J (¢t (1 —y""te~'dt) and J, (" 'e~'dr), respectively. The latter
were generated from the Jacobi matrix J,, ,,,, ,(e”'dt), resp. J, .. (e”“dt),
by repeated application of the algorithms in [3, §4.1] corresponding to multi-
plication of a measure by (1 —1t) and ¢, respectively. (Alternatively, algorithms
based on the QR algorithm, as in [7], could be used for the same purpose.)
Finally, J,, ;.. 2(e7"dt) was computed by the discretized Stieltjes algorithm
(see [2, §2.2]), the Fejér quadrature rule having been used as the modus of
discretization.

As to the coefficients A4,, B, in the boundary terms of (4.2), they were
computed from the linear system of equations

Rn,m(p; e~ "dr)=0, all pelp,, ., 4.6)

where the first 2m+2 orthogonal polynomials {r,(; e~ “dt)},, (Whose Jacobi
matrix J,,,, ., has already been generated!) were used as basis in the poly-
nomial space IP,,,, , of (4.6). The coefficients Af in (4.3) are not needed.

The accuracy of the spline approximations s, , and s}  thus obtained is
shown in Table 4.1 for n=35, 10, 20, 40; m=0(1)3; and c¢=1, 2, 4. Displayed are
{two-digit approximations to) the respective maximum absolute errors on

[0,1].
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Table 4.1. Accuracy of the spline approximations s, , and s¥, for Example 4.1. (Numbers in
parentheses denote decimal exponents).

[4 n max [s, ,(t)—e™ ¢ max |s}, (1) —e™ |
osest 0<is1
m=0 m=1 m=2 m=3 m=0 m=1 m=2 m=3
1 5 80(—2) 24(-3) 40(-5 97(-7 88(—2) 33(—3) 68(—5 24(-96)
10 46(—2) 86(—4) B6(—6) 14(=7 48(-2) 10(-3) 12(=5 25(-7
200 25(=2) 26(—4) 1.5(—6) 15(-8) 25(=2) 29(—4) 19(—6) 2.1(-8)
40 13(=2) 73(=5 24(=7 14(-9 1.3(=2) 7.7(=5 27(-7) 16(-9)
2 5 13(=1) 70(=3) 21(—4) 98(-6) 13(=1) 91(—3) 38(—4) 24(-5
10 71(=2) 24(=3) 46(=5 15(-6) 75(—=2) 28(-3) 65(—5 26(-6)
20 39(—2) 74(—-4) 84(—6) 16(-7 40(~2) 81(—4) 10(=5 23(-7
40 20(—2) 21(-4) 13(—6) 14(-8) 20(—~2) 22(—4) 14(—6) 1.7(-8)
4 5 17(-1) 16(—-2) 87(—4) 78(-5 1.7(—=1) 19(=2) 15(=3) 25(—4)
10 1.0(—-1) 57(-3) 20(—4) 11(-95 Li(—1) 67(-3) 27(—4) 20(-5)
20 57(-2) 1.8(—3) 36(—5 13(-6) 58(—=2) 20(=3) 43(-5 18(-6)
40 30(—2) 51(—4 57(—-6) t2(=7 30(~2) 53(—4) 62(—6) 14(-7

For m=0, 1, and 3, the maxima are almost always attained at a knot of the
spline, about half-way (or somewhat less) through the interval. The only
exception observed was for s}, , n=>5, m=3, c=4, where the maximum occurs
at t=0, When m=2, the maxima are usually attained between two such knots.
The linear system (4.6) (in the orthogonal basis mentioned) was found to be
relatively well-conditioned, the worst condition number (occurring for m=3)
being approx. 2.5 x 103,

It is seen that the approximation error is more easily reduced by increasing
m rather than n. Also, the spline s, , is only marginally more accurate than the
spline sy . The additional gffort required in computing s, ,, therefore, seems
hardly justified, if uniform approximation is indeed the main objective. If
moment-matching is more important, however, the spline s, ,, would be prefer-
able, as it matches m+ 1 additional moments.

The coefficients of p,, ie., the expressions in the brackets of (4.4), turned
out to be positive for all values of m,n and c¢ tried, so that the computed
splines s, , are completely monotonic in the sense of (2.47). The analogous
property for s¥  follows from Corollary 2 to Theorem 2.4.

Example 4.2. f(t)=singt, 0<t=1.

Here, the function f, though not completely monotonic, still has derivatives
that are all of constant sign on [0, 1]. Therefore, the measure d4,, in (2.33), i.e,

4
(_1)[m/2]+1 (7I m+1 COS—Z*Z'
2

m!

i (t)= dt on [0,1], 4.7)

in %,
sin —
2
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where the cosine or sine is taken according as m is even or odd, admits a
unique system of (monic) orthogonal polynomials, and Problems I and I* both
have unique solutions for each m and n. Observing that the substitution t—
1 —t carries the cosine into the sine, and vice versa, it suffices to generate the
orthogonal polynomials for one of the trigonometric measures only, say
cos((n/2)t)de. If «f, B, are the coefficients in the corresponding recurrence
relation
T ()= —o) m(t) = By 1 (1),  k=0,1,2,...,

4.8)

n_()=0, m()=1,

then the coefficients «;, f; for the sine-measure are
og=1—0p, pi=p, k=0,1,2,... 4.9)

A similar remark applies to the generalized Lobatto measures (2.41) [but not
to the generalized Radau measures (2.55)]. The constants multiplying the
trigonometric measures in (4.7), of course, simply give rise to analogous multi-
plicative constants in the quadrature rules (2.38) and (2.53).

Techniques similar to those in Example 4.1 were used to compute the
desired spline approximants in the present example.

Table 4.2. Accuracy of the spline approximations s, ,, and s¥, for Example 4.2.

. T . T
n Orrgltaéx1 s,,‘m(t)Asmit Onélfiéxl s:m(t)—smit
m=0 m=1 m=2 m=3 m=0 m=1 m=2 m=3
5 1.4(-1) 65(=3) 17(—-4) 62(-06) 1.5(-1) 88(=3) 27(—4 15(-9
10 84(—-2) 24(-3) 37(=5 94(-7 88(—2) 28(-3) 50(-5 16(—6)
20 46(-2) 76(—4) 68(—6) 1L1(-7 47(-2) 82(—4) 82(—-6) 14(-7
40 24(=2) 21(—4) 11(—6) 96(—9 24(=2) 22(—4) 12(-6) 1.1(-8)

Their accuracy is shown in Table 4.2; the error behaves rather similarly as the
error in Example 4.1 for ¢=2.
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